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Numerical solutions of the inviscid equations that describe standing waves of finite 
amplitude on deep water are reported. The calculations suggest that standing waves 
exist of steepness, height and energy greater than the limiting wave of Penney & 
Price (1952). The computed profiles are found to be consistent with Taylor's (1953) 
experimental observations. 

1. Introduction 
The existence of a finite amplitude steady progressive deep water gravity wave of 

greatest height has been demonstrated (Stokes 1880; Michell 1893; Toland 1978). In  
contrast, the nature of large amplitude standing waves and the existence of a highest 
achievable profile are unsettled issues. Penney & Price (1952) calculated approximate 
shapes of standing waves using a series expansion in wave amplitude to fifth order. By 
assuming that the downward acceleration at the crest of the wave of greatest height 
is g, they obtained a highest wave profile with HIL = 0.218, crest angle equal 
to 90°, total energy per unit area E = 0.0968g(L/2n)2, and frequency of oscillation 
cr = 0-949u0, where uo = (gL/27r)+ is the frequency of the infinitesimal wave, L is 
the wavelength and H is the peak-to-trough wave-height. 

The validity of the arguments of Penney & Price was questioned by Taylor (1953). 
However, the results of his experiments to determine the highest standing wave 
profile were found to be consistent with the contentions of Penney & Price. 

We have performed a series of calculations of standing waves using a numerical 
scheme based on that developed by Longuet-Higgins & Cokelet (1976) which solves 
the exact free surface unsteady flow problem of an inviscid, irrotational, incom- 
pressible fluid with periodic boundary conditions for prescribed initial conditions 
and external pressure. Our calculations show the existence of standing waves with 
H I L  greater than 0.218, maximum local slope exceeding 45", and E larger than 
O*0968g(L/2n)2. The computed profiles are found to be also consistent with Taylor's 
experiment. 

2. Numerical results 
Sixty spatial points were used in our calculations. A fifth order polynomial smooth- 

ing scheme was needed to stabilize the computation. The accuracy of the solutions 
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was monitored by computing the mass flux fi across the surface, which should be zero. 
In  all our results, the value of i2 oscillated in time with an absolute magnitude less 
than 0-0001. We chose units such that g = 1, L = 27r, 0, = 1 and the infinitesimal 
wave period is 2 ~ .  We first show results for waves generated by the application of an 
external pressure for a finite period of time to an initially flat stationary surface, after 
which the wave is allowed to oscillate freely. The waves generated in such a manner 
have an identifiable dominant frequency, but like those in a physical experiment 
do not repeat exactly and are not 'pure' standing waves. We used the pressure 
distribution: 

0 < t < to] 
t > to 

with different values of p ,  and to. We calculated the wave profiles ~ ( x ,  t ) ,  the per unit 
area potential energy V ,  kinetic energy T, total energy E = T + V ,  wave steepness 
H / L ,  maximum slope a over the wave profile, the acceleration at the crest and a t  the 
trough, and the frequency of oscillation 0. Results for representative cases are as 
follows. 

Case 1. po = 0.1, to = T .  The total energy rose from zero to 0*00615 at t = T and 
remained constant thereafter (this provided a check on the accuracy of the calculation). 
When the wave went free, T = 0 and H / L  = 0.05. For t > to, the kinetic and potential 
energies oscillated with a frequency indistinguishable from 20,. The exchange of 
energy between T and V was only almost complete: V was not exactly zero when T 
was a maximum, which indicates that the surface was never exactly flat. The profile 
oscillated with dominant frequency u,, but did not repeat exactly after each period. 

Case 2. p ,  = 0.3, to = T.  The results were similar to case 1, with E = 0.0545 and 
H / L  = 0.15 a t  t = T ,  except that the frequency u is now 1.0020, owing to effects of 
finite amplitude. 

Case 3. p ,  = 0.3, to = 1 . 5 ~ .  In  this case, the computation failed at t = 3 . 3 6 ~ ~  after 
approximately 1.5 half-periods of free oscillation. When the wave went free, almost 
all the energy was kinetic and E = 0.1247, after which the kinetic and potential 
energies oscillated periodically with period 1 . 0 7 9 ~  throughout the computation. 
The minimum values of V and T were close to zero, indicating as before an almost 
complete exchange of energy. The breakdown occurred as H / L  was decreasing after 
passing through its second maximum as a free wave, and was caused by coalescence 
of two points at  the crest. The largest value of H / L  was 0.272 a t  t = 3 . 0 5 6 ~ ;  the 
corresponding value of a (maximum slope) was 50" and the downward acceleration a t  
the crest was 0.97. For t > 3-056~ ,  H / L  decreased, the downward vertical acceleration 
approached unity, and the angle a continued to increase. At breakdown, when 
H I L  = 0.245, the vertical acceleration became unity and the crest appeared cusped 
with a close to 60". Figure I shows a composite time plot of the wave profile ~ ( x ,  t ) .  

Case 4. p ,  = 0.28, to = 1 . 5 ~ .  The input conditions were the same as case 3, except 
that the pressure was slightly smaller. The value of E in the free wave was 0,109. In  
this case, the computation was continued until t = 6rr, and no breakdown occurred. 
The half-period was 1 .063~ .  T and V were closely periodic. H f L  oscillated with the 
same frequency but with a 20% variation in amplitude. The computed maximum 
value of H I L  was 0.258 at t = 3 ~ ;  the corresponding value of a was 52". The maximum 
value of a was 54", at t = 3.2577 and H I L  = 0.21. The maximum vertical acceleration 
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FIGURE 1. Wave profile T,J(Z, t )  of a standing wave generated from a flat surface by an 
external pressure with p,, = 0.30 (case 3). Scales in plot: -6.0 < x Q 4-0, 0 Q t Q 11.03, 
-4.0 6 7 < 6.0. 

computed was 0.97 a t  t = 3 . 5 9 6 ~ .  Figure 2 shows time plots of wave profile, H I L  
and a. The highest and sharpest profiles are shown later in figure 4 compared with 
Taylor’s experimental data. 

We now describe results of waves generated by releasing an elevated body of water 
from rest. The initial profiles were the approximate five mode solution given by Penney 
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FIUURE 2 (a). For legend see p. 7 11. 

& Price taken at the time when the wave is instantaneously at  rest. The magnitude 
of the wave is characterized by Penney & Price’s parameter A ,  roughly proportional 
to the amplitude of the first harmonic. The error in Penney & Price’s approximate 
solution is reflected in the degree of departure of the computed wave from a pure 
standing wave. 

Case 5. A = 0.52. This value of A has special significance. For if instead of maximiz- 
ing H / L  subject to the constraint that the downward acceleration at  the crest does 
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FIG~RE 2. Numerical results for a standing wave generated from a flat surface by an 
external pressure withp, = 0.28 (case 4). (a) Wave profile q(m, t ) ,  scales in plot: - 6.0 < z d 4.0, 
0 C t < 18.85, - 4.0 < 71 < 6.0; (a) H / L  aa a function of t ;  (c) slope a (in degrees) as a function 
oft. 
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FIGURE 3. Computed wave profile q(s, 1) using the approximate profile of Penney & Price (1952) 
with A = 0.592 as initial condition (case 6). Scales in plot: -6.0 < 2 < 4.0, 0 < t < 4.0, 
-4.0 < q < 6.0. Note that the crest of the wave at the time of breakdown is located at the 
edges of the plot. 

not exceed g (which gives A = 0.592 and H / L  = 0.218), it  is required that ap/8y = 0 
at the crest (the condition ap/ay = 0 was used to derive the 90" crest angle), then A 
is found to be 0-52. If the solution were exact, the values of A obtained both ways 
would have been the same. According to Penney &, Price's formulae, the corresponding 
half-period would be 1*040n, with H / L  = 0.185 and E = 0.0731. 

The computed wave profiles oscillated smoothly, with the exchange of energy 
between V and T being almost complete. The half-period obtained from the oscilla- 
tions of V and T was 1 . 0 3 6 ~ .  The wave profiles were almost, but not perfectly periodic. 
The value of H / L  had a 1.3 yo variation about a mean value of 0.184 ( H I L  = 0.185 at 
t = 0, 0.186 a t  t = 1.036n, and 0.182 a t  t = 2 .072~) .  The maximum slope a had a 
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Case E Half-period ( H / L )  %ax (ace) msx 

Non-breaking cases 

1 0.006 15 77 0.05 10" 0.18 
2 0.0545 1.00277 0.15 31.4" 0.52 
5 0.0731 1.03677 0.186 36.4" 0,870 

( 1.04077) (0.185) (36.4") (0.750) 
4 0.109 1.06377 0.258 54" 0.97 

Breaking cases 

6 0-0968 1.050n 0.222 67"* 1*05* 

7 0.119 1.06677 0.285 85"* 1.0* 

3 0-1247 1.0797~ 0.272 50"* 1.0* 

( ) The corresponding results calculated from formulae given by Penney & Price (1952). 
* Denotes that the value is obtained from the last numerical output before computational 

(1.05371.) (0.218) (46") (1.0) 

(1.0667~) (0.247) (59") (1.147) 

breakdown. 
TABLE 1. Summary of computational results. 

6.5% variation about a mean value of 34.7" (a = 36.4" at t = 0, 35.3" at t = 1 . 0 3 6 ~ ,  
and 32.5" at t = 2 . 0 7 2 ~ ) .  The downward crest acceleration had a variation of 11 yo 
about a mean value of 0.784 (being 0.75 at t = 0, 0.87 a t  t = 1 . 0 3 6 ~  and 0.733 at 
t = 2 . 0 7 2 ~ ) .  Comparison of the computed results with Penney & Price's five mode 
expression shows good agreement. 

Case 6. A = 0.592. According to Penney BE Price, this approximates the pure 
standing wave of maximum height. For this value of A ,  the Penney & Price half- 
period is 1 . 0 5 6 ~ ~  H / L  is 0.218, E is 0.0968, the initial downward acceleration at  the 
crest is equal to unity and the maximum slope a is close to 45". The computed profiles, 
however, broke down at  t = 1 . 2 7 3 ~ .  At breakdown, the wave was on its way down 
after reaching the second maximum a t  t = 1 . 0 8 2 ~  with H I L  = 0.222: The value of 
a was 61.5". The maximum computed value for a was 67", achieved at  t = 1-273n, 
with H/L = 0- 174. The profile at the time of breakdown possessed a sharp protrusion 
at the tip of the crest, qualitatively resembling the experimental profiles obtained by 
Taylor (1953, figures 14 to 20) for breaking standing waves (see figure 3). The half- 
period obtained from the oscillations of 'V and T was 1-050~ ,  which indicated that the 
wave of maximum height was not the wave with maximum potential energy. The 
downward acceleration at  the crest was 0.85 a t  t = 0,  1.05 at t = 1 . 0 8 2 ~ ~  and changed 
sign abruptly as t approached 1 . 2 7 3 ~ ~  suggesting that the calculation is not reliable 
beyond that time. 

Case. 7. A = 0.65. For this value of A ,  the downward crest acceleration according to 
Penney & Price should be greater than g and the wave should break on its way down. 
The computed wave, however, had an initial downward crest acceleration of 0.95, 
and was able to complete one half-period before breakdown. From the oscillations of 
V and T, the half-period was found to be 1 - 0 6 6 ~ .  The computation broke down at  
t = 1 . 1 6 6 ~ .  The maximum computed value for H / L  was 0.285 at t = 1 . 0 6 6 ~ ~  the value 
of a at this time was 83". The maximum value of a was 85" achieved at  the final time 
computed, with HIL = 0.276. The waveform at the time of breakdown again had a 
cusped protrusion a t  the crest. 
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FIGURE 4. Comparison of numerical results with experimental data of Taylor (1953). (a) Ex- 
perimental data compared to highest computed wave profile for case 4 (shown in figure 2) ; ( b )  
experimental data compared to  profile with maximum slope for case 4 (shown in figure 2). 
--, numerical result; 0,  experimental data. 

3. Discussion 
Figure 4 shows a comparison of case 4 with the data of Taylor (1953). The numerical 

curves are those of greatest height and greatest slope that were computed. The agree- 
ment between computation and experiment seems as close as that between experiment 
and the Penney & Price prediction. In  addition, the appearance of a protuberance at  
the crest just before the wave breaks is in qualitative agreement with Taylor's ob- 
servations, although the computations are strictly two-dimensional and cannot 
account for the ensuing three-dimensional behaviour. 

The method of generation appears to affect the greatest height that a wave can 
achieve before breaking. For example, case 6 (release from elevated rest) describes 
a breaking wave with energy and height substantially less than that of a non-breaking 
wave (case 4) produced by application of pressure for a finite time. 

Some of the important numbers of each case are listed in table 1. Provided the 
wave does not break, the calculated values of the half-period, maximum value of 
H / L ,  maximum slope, and maximum downward acceleration are found to be mono- 
tonic in E.  It is to be particularly noted that we found standing waves of greater energy, 
slope, height and period than the limiting wave predicted by Penney & Price. The 
numerical results do not support the argument for a 90" crest on the wave of greatest 
height. The existence of breaking solutions, however, does suggest that there is an 
upper limit on the amplitude of standing waves. 
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